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Physical system modelling with known parameters together with 2-D or high order look-up tables
(obtained from experimental data), have been the preferred method for simulating electric vehicles.
The non-linear phenomena which are present at the vehicle tyre patch and ground interface have
resulted in a quantitative understanding of this phenomena. However, nowadays, there is a require-
ment for a deeper understanding of the vehicle sub-models which previously used look-up tables. In
this paper the hybrid modelling methodology used for electric vehicle systems oﬀers a two-stage
advantage: ﬁrstly, the vehicle model retains a comprehensive analytical formulation and secondly,
the fuzzy element oﬀers, in addition to the quantitative results, a qualitative understanding of spe-
ciﬁc vehicle sub-models. In the literature several hybrid topologies are reported, sequential, auxiliary,
and embedded.
In this paper, the hybrid model topology selected is auxiliary and within the same hybrid model,
the ﬁrst paradigm used is the vehicle dynamics together with the actuator/gearbox system. The sec-
ond paradigm is the non-linear fuzzy tyre model for each wheel. In particular, conventional physical
system dynamic modelling has been combined with the fuzzy logic type-II or type-III methodology.
The resulting hybrid-fuzzy tyre models were estimated for a-priori number of rules from experimen-
tal data. The physical system modelling required the available vehicle parameters such as the overall
mass, wheel radius and chassis dimensions. The suggested synergetic fusion of the two methods,
(hybrid-fuzzy), allowed the vehicle planar trajectories to be obtained prior to the hardware develop-
ment of the entire vehicle. The strength of this methodology is that it requires localised system exper-
imental data rather than global system data. The disadvantage in obtaining global experimental data
is the requirement for comprehensive testing of a vehicle prototype which is both time consuming0888-613X/$ - see front matter  2005 Elsevier Inc. All rights reserved.
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344 J.T. Economou, R.E. Colyer / Internat. J. Approx. Reason. 41 (2006) 343–368process and requires extensive resources. In this paper the authors have proposed the use of existing
experimental rigs which are available from the leading automotive manufacturers. Hence, for the
hybrid modelling, localised data sets were used. In particular, wheel-tyre experimental data were
obtained from the University Tyre Rig experimental facilities. Tyre forces acting on the tyre patch
are mainly responsible for the overall electric vehicle motion. In addition, tyre measurement rigs are
a well known method for obtaining localised data thus allowing the eﬀective simulation of more
detailed mathematical models. These include, ﬁrstly, physical system modelling (conventional vehicle
dynamics), secondly, fuzzy type II or III modelling (for the tyre characteristics), and thirdly, electric
drive modelling within the context of electric vehicles. The proposed hybrid model synthesis has
resulted in simulation results which are similar to piece-wise look-up table solutions. In addition,
the strength of the hybrid synthesis is that the analyst has a set of rules which clearly show the rea-
soning behind the complex development of the vehicle tyre forces. This is due to the inherent trans-
parency of the type II and type III methodologies. Finally, the authors discussed the reasons for
selecting a type-III framework. The paper concludes with a plethora of simulation results.
 2005 Elsevier Inc. All rights reserved.
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In this paper a single electric actuator consisting of a permanent magnet direct current
(PMDC) geared motor is used to drive the rear wheels of a small-scale vehicle.
Currently, conventional methods concentrate mainly in the analysis of the dynamics
with the drive actuators excluded. However, here the actuator forms an integral part of
the overall model.
To complement the conventional modelling approach fuzzy logic was also used to model
the tyre non-linear cornering forces which are generated during steering. Fuzzy logic
belongs to the class of ‘‘intelligent’’ methods [1,2] which are based on ‘‘knowledge based’’
methodologies. Conventional modelling methods, when applied to practical problems,
have demonstrated the diﬃculty of representing accurately a complex process by a single
mathematical model over a wide range of input demands. Recently, there has been increas-
ing interest in the application of intelligent methods in solving such practical problems.
In particular, ‘‘intelligent modelling’’ forms part of the ‘‘hybrid modelling’’ (HM)
approach which fuses conventional mathematical modelling techniques and ‘‘intelligent’’
techniques such as fuzzy logic [3], neural networks [4,5], genetic algorithms [6] and/or heu-
ristics. The HM representation can provide a high ﬁdelity vehicle model, for example,
without the computational cost of increased dimensionality when compared with models
derived simply using strictly intelligent based methods. In eﬀect, the HM approach, as
shown in this paper, complements the conventional mathematical modelling based meth-
ods by means of physical modelling and type-II and type-III fuzzy systems.
It is well accepted that the tyre, although being a small proportion of a vehicle, is an
important and complex non-linear component. In this paper, a hybrid mathematical mod-
elling approach is presented which complements the conventional approaches reported in
the literature. The tyre is modelled using both type-II and type-III fuzzy systems, which
have been estimated from experimental tyre data, using a nonlinear least-squares multi-
Nomenclature
u center of gravity (CG) longitudinal velocity
v CG lateral velocity
r CG yaw rate
af front tyre slip angle
ar rear tyre slip angle
uf front longitudinal component of the sideslip velocity
ur rear longitudinal component of the sideslip velocity
vf front lateral component of the sideslip velocity
vr rear lateral component of the sideslip velocity
d mean Ackerman steering demand
b CG sideslip angle
bf front track sideslip angle
br rear track sideslip angle
lf CG to front track distance
lr CG to rear track distance
R wheel radius
m vehicle mass
ng step-down gearbox
Ra motor armature resistance
KT motor torque constant
Va PMDC armature voltage
xm motor angular velocity
Tm motor supplied torque
F ½f ;rr vehicle rolling resistance
Fx total longitudinal force
F fx front tyre induced force
Kr rolling coeﬃcient
f front wheel
r rear wheel
F ½f ;ry lateral wheel force
a[f,r] tyre slip angle
oF y
oa tyre cornering stiﬀness
Ca½f;r linearised tyre cornering stiﬀness
q fuzzy rule number
j fuzzy variable index
cq membership function centre
dq membership function spread
Ajq qth fuzzy set for the jth fuzzy input variable
lAq membership function
kq multi-variable fusion for the qth rule
c Sugeno fuzzy oﬀset
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linear characteristics. The local models also retain an explicit mathematical hybrid formu-
lation due to:
(a) the physical system modelling,
(b) the type-II and type-III explicit mathematical fuzzy consequent descriptions.
Furthermore, the analysis using fuzzy type-II and type-III models of the entire tyre
non-linear envelope enable the vehicle to be tested under rapid and aggressive steering
demands and the vehicle has been simulated for a multi-frequency steering demand with
a gradually increasing velocity. The methodology shown here describes accurately the lat-
eral forces generated with respect to the tyre slip angle over the entire slip angle opera-
tional envelope.
The derived conventional/intelligent vehicle model allows the prediction of lateral
velocity, yaw rate, tyre slip angles, tyre forces, and the CG trajectory. The analysis pro-
vides an integrated simulation vehicle model which relates the PMDC actuator demands
to the robot dynamics.
Vehicle stability issues are directly related to the lateral forces which are generated at
the wheel tyre patches. Hence the modelling of these forces is necessary for accurately pre-
dicting the vehicle trajectory. For conventional steered vehicles the traditional approach
has been used to consider manoeuvres of low to moderate severity. However, there have
been attempts to model the vehicle response while the forces approach values near the fric-
tion limit at the road/tyre interface. Further work relates the lateral forces to the longitu-
dinal tyre forces using the wheel slip which includes the tyre elasticity properties. In [7] an
extension of the LuGre dynamic friction model [8] from longitudinal motion to longitudi-
nal/lateral motion is developed.
In [9] fuzzy logic type-I modelling of vehicles, which are entering the force saturation
region, are presented together with experimental results. Two linguistic variables were cho-
sen, hardness and slipperiness which produced a satisfactory tyre-ground interface model.
Other researchers [10] have used a type-I fuzzy logic method to derive the tyre force for
a vehicle which has all the wheels driven from a permanent magnet machine.
In the case of a fuzzy tyre model, for ﬁne tuning or even assistance in automatically gen-
erating the rules which best describe the tyre lateral force and slip angle surface, several
techniques exist in the literature [11–14]. Further research in this area [2] for the class of
Takagi–Sugeno–Kang fuzzy systems has related the optimum number of rules and maxi-
mum allowed error to the experimental and predicted data.
In this paper, an analytical–linguistic approach has been considered which amalgam-
ates, the physical system in a vehicle dynamics and the fuzzy type-II/III tyre model systems
in a ‘‘hybrid based method’’.
In particular the tyre model is a generalised type-III system presented in a fuzzy setting
[15].
The proposed approach can be applied to robotic vehicles [16] in which an explicit
mathematical lateral tyre model description is available with respect to the front and rear
tyre slip angles. One of the advantages of using the fuzzy type-II tyre model, instead of a
piecewise linearised model is that the complete lateral force envelope can be studied over
the entire front and rear slip angle which can inﬂuence the vehicle stability.
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includes kinematics, dynamics, the fuzzy type-II tyre model and properties and the trac-
tion (PMDC) actuator model. In Section 3 the simulation results are provided which show
the state variable variations, the tyre force generation together with the associated tyre
sideslip angles, the CG trajectory and the armature actuator voltage. Finally in Section
4 the concluding remarks are given.
2. Basic concepts
2.1. Tyre lateral force generation
The basic tyre-axle-ground system is shown in Fig. 1. In this case the camber angle
which is generated by rotating the wheel with respect to the vertical axis from the ground
is zero. The tyre is considered to be elastic and therefore ﬂexible.
When a vehicle yaw request is initiated then a turning moment is induced which causes
a slip angle to be generated between the hub and the elastic tyre. This angle is usually less
than 12 rotational degrees but suﬃciently large to cause a smooth rotation compared to a
maximum Ackerman vehicle wheel rotation of approximately 30 rotational degrees. The
maximum slip angle depends on the friction limit between the tyre and the ground, the tyre
elastic characteristics, the tyre pressure and ﬁnally on the diﬀerential demand between the
two wheel sides. Fig. 2 illustrates the tyre slip angle generation. At time t = dt the tyre con-
tact patch partially reaches the friction limit and therefore tyre scuﬃng occurs and the
remaining area of the tyre patch temporarily deforms and creates an Ackerman equivalent
angle. As the wheel rotates the two combined eﬀects of wheel rolling and tyre deformation
cause the overall vehicle to turn smoothly by requesting a diﬀerential demand. The tyre
force is a complex variable to model due to the large number of conﬂicting parameters.
For example a large patch area would oﬀer less sinkage on a soft surface and therefore
reduces losses. It would also cause greater friction for the tyre on hard tarmac grounds
and therefore increased diﬃculty in turning.VIEW
TOP
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GROUND
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ELASTIC
TYRE
PATCH
THE VEHICLE
BODYHUB
Fig. 1. Basic tyre-axle system (top view).
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Fig. 2. Wheel slip angle graphical generation.
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The tyre rig used for obtaining data consisted of a moving road which simulates a free
rolling wheel on tarmac, the vertical load system, the tyre slip angle setting, the camber
angle setting, and the lateral force transducers as shown in Fig. 3. Firstly the rig was cal-
ibrated using the appropriate equipment and after placing the wheel with the required
camber and slip angle and vertical load the experiment may start. The rig then provides
the induced cornering force in real time and therefore a mapping between the several slip
angles and cornering forces for diﬀerent vertical loads.Fig. 3. Tyre-rig at Cranﬁeld University.
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The vehicle forward velocity (u) is considered to be constant (or slowly varying), whilst
the lateral velocity (v) and the yaw rate (r) about the CG are the state variables. The vehi-
cle input is the front wheel steering angle while Sienel coeﬃcient of friction [16] are con-
stant. The Ackerman steered vehicle can be modelled by using a single track as shown
in Fig. 4. The rear wheels are driven from the PMDC via the step-down gearbox (ng).
3.1. Wheel kinematics
The front and rear wheel longitudinal and lateral velocity components are given in
Eq. (1).
uf ¼ u; vf ¼ vþ lfr
ur ¼ u; vr ¼ v lrr

ð1Þ
The vehicle chassis sideslip angles (bf,br) for the front and rear tyres are given in Eq. (2).
bf ¼ arctan
vf
uf
 
br ¼ arctan
vr
ur
 
9>>=>>; ð2Þ
The tyre sideslip angles (af,ar) for the front and rear tyres are given in Eq. (3).
af ¼ d bf
ar ¼ br

ð3Þ
The equations in (3) capture the entire tyre slip angle non-linear envelope rather than small
angles. Substitution of Eqs. (1) and (2) in Eq. (3) resulted in Eq. (4).
af ¼ d arctan vþ lfru
 
ar ¼  arctan v lrru
 
9>>=>>; ð4Þlflr
Tm
R
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f
F ry
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~
Fig. 4. Single track vehicle schematic.
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state variables (v, r), the longitudinal velocity (u) and the distance between the CG and the
front track (lf). Secondly the rear front sideslip angle also relates to (v, r,u, lr).
3.2. Vehicle dynamics
It can be shown that the vehicle Newtonian motion dynamics can be simpliﬁed to the
Equations in (5) by assuming relatively gradual and small changes in the longitudinal
velocity (u) result to ð _u  0Þ.
dvðtÞ
dt ¼
F ry
m þ
F fy
m  uðtÞrðtÞ
drðtÞ
dt ¼ F fylf  F rylr
9=; ð5Þ
4. Part (B): Fuzzy type-II and type-III tyre models
In this section the tyre model has been modelled ﬁrstly as a generalised type-III fuzzy
system which is then reduced to a type-II fuzzy system. The proposed fuzzy type-III tyre
model piecewise linear section which corresponds to the fuzzy qth rule is given in Eq. (6).
Rule q 2 ½2; qmax : IF a½f ;r is Aq . . .|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
Fuzzy Antecedent
THEN F ½r;f ðqÞy ¼
oF ½r;f y
oa½r;f 

ðqÞ
a½r;f  þ cðqÞ|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
Type-III Consequent
where q 2 N þ
9>>=>>>; ð6Þ
The fuzzy logic methodology allows the user to deﬁne the regions of linearity from obser-
vation or alternatively via the use of clustering tools such as the subtractive clustering
method [13,14] or via means of parameter estimation approaches for a priori number of
rules. The individual qth fuzzy rule applied here is of a fuzzy type-II and secondly of
type-III and therefore each individual rule is a singleton or piecewise linear respectively.
The resulting rule blending produces the lateral tyre force which retains the non-linear tyre
characteristics. An advantage of type-III fuzzy systems over the type-II fuzzy systems is
normally the rule reduction for the same high order nonlinearity according to [17]. The
selected continuous Gaussian membership functions are shown in Eq. (7).
lAqða½f;r; c½f ;rq ; d ½f;rq Þ ¼ K e
 a½f ;r  c½f ;rq
 2
d ½f;rq
0B@
1CA
with q ¼ a priori
q ¼ Q 2 ½2;m
K ¼ max
q
lAq a½f ;r; c
½f ;r
q ; d
½f;r
q
 n o
; 8q 2 Q
dq ¼ 2r2
9>>>>>>>>=>>>>>>>;
ð7Þ
where (m) is a positive integer equal to the number of raw data points for the overall exper-
imental tyre data set.
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In this section the fuzzy type-III properties are given which are valid for a tyre which
exerts non-linear behaviour.
Property 1. Fuzzifier: Let (a[f,r]) be objects in the Universes Xa½f ;r  X. The fuzzifier is a
function which maps the variable (a[f,r]) to values into interval [0,1] with K = 1 (normal sets),
Eq. (7).Property 2. Consistency: A set of fuzzy rules is consistent if there are no rules with the same
antecedent but different Sugeno consequent.Property 3. Rules completeness: A set of fuzzy rules is complete if for any (a[f,r]) 2 X there
exists at least one rule q 2 [1,qmax] such that lAqða½f ;rÞ 6¼ 0.Property 4. Rule influence: The qth 2 [1,qmax] rule influence kq which combines the prepo-
sitions of the antecedent for each qth rule and is given by: kq ¼ ð
Qjmax
j¼1 lAjqðxjÞÞq. Where for
this application xj for j = 1 is given by x , [x1] = a[f,r].Property 5. Membership functions: The fuzzy sets for the Sugeno variable are: Aq ¼
fXa½f ;r  X j lAqða½f ;rÞg.Property 6. The parallel fuzzy firing of all 1st order q-rules result to the fusion equation (8).
eF ½f;ry ðaÞ ¼
Pqmax
q¼1 kq
oF ½f;ry
oa½f ;r
jðqÞa½f;r þ cðqÞ
 !
Pqmax
q¼1 kq
where kq ¼
Qjmax
j¼1
lAjqða½f ;rÞ ¼ lAqða½f ;rÞ
h ¼ Pqmax
q¼1
kq ¼ 1 D
9>>>>>>=>>>>>>;
ð8Þ
where (D) is the optimisation error.
The tyre non-linearity is captured in Eq. (8) because all the piecewise linear models have
been fused via the nonlinear membership relationships. For this speciﬁc tyre, Eq. (8) is
expanded to Eq. (9).
eF ½f;ry ðaÞ ¼ k1 oF
½f;r
y
oa½f ;r
ð1Þa½f ;rþcð1ÞPqmax
q¼1 kq
þ k2
oF
½f;r
y
oa½f ;r
ð2Þa½f ;rþcð2ÞPqmax
q¼1 kq
þ 	 	 	 þ kqmax
oF
½f ;r
y
oa½f;r
ðqmaxÞa½f ;rþcðqmaxÞPqmax
q¼1 kq
9=; ð9Þ
The resulting fuzzy type-II lateral force generation is shown in Eq. (10). The non-linear
fuzzy type-II augmented coeﬃcients ðn½f;r1 ; n½f ;r2 ; . . . ; n½f ;rqmaxÞ are given in Eq. (11).eF ½f;ry ðaÞ ¼ n½f ;r1 þ n½f ;r2 þ 	 	 	 þ n½f ;rqmax o ð10Þ
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e
 a½f;rc
½f;r
1ð Þ2
d
½f ;r
1
 
oF
½f ;r
y
oa½f;r
ð1Þa½f ;rþcð1Þ 
h þ
n½f;r2 ¼
e
 a½f;rc
½f;r
2ð Þ2
d
½f ;r
2
 
oF
½f ;r
y
oa½f;r
ð2Þa½f ;rþcð2Þ 
h
..
.
n½f;rqmax ¼
e
 a½f ;rc
½f;r
qmaxð Þ2
d
½f ;r
qmax
  
oF
½f;r
y
oa½f;r
ðqmaxÞa½f ;rþcðqmaxÞ
!
h
9>>>>>>>>>>=>>>>>>>>>>>;
ð11Þ
In Eq. (12) the coeﬃcient is always greater than zero thus guaranteeing constraint force
levels hence g > 0 which is a direct result of rules completeness fuzzy Property 3.
h ¼ e
 a½f ;rc
½f ;r
1ð Þ2
d
½f;r
1
 
þ e
 a½f;rc
½f;r
2ð Þ2
d
½f ;r
2
 
þ 	 	 	 þ e
 a½f;rc
½f ;r
qmaxð Þ2
d
½f;r
qmax
 
> 0
)
ð12Þ
Eq. (12) for
oF ½f;ry
oa½f;r
ðqÞ ¼ 0, "q 2 Q reduces to a type-II system with force coeﬃcients given
from Eq. (13).
u½f ;r1 ¼ e
 a½f ;rc
½f ;r
1ð Þ2
d
½f;r
1
 
ðcð1ÞÞ
h þ
u½f ;r2 ¼ e
 a½f ;rc
½f ;r
2ð Þ2
d
½f;r
2
 
ðcð2ÞÞ
h
..
.
u½f ;rqmax ¼
e
 a½f;rc
½f ;r
qmaxð Þ2
d
½f;r
qmax
 
ðcðqmaxÞÞ
h
9>>>>>>>>=>>>>>>>>;
ð13Þ
According to [17] the type-II is a special case of type-III and type-I fuzzy systems. For
the vehicle application the optimisation results captured the tyre non-linearity for both
fuzzy settings,i.e. type-II and type-III systems. For the type-II systems h 2 Rþ. For the
type-III fuzzy setting it was possible in addition to the good agreement between the fuzzy
output and experimental results to constrain h ﬃ 1 and therefore simplify the defuzziﬁca-
tion function.
The reduced fuzzy type-II tyre model singleton description which corresponds to the
fuzzy qth rule is given in Eq. (14).
Rule q 2 ½2; qmax : IF a½f ;r is Aq . . .|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
Fuzzy Antecedent
THEN F ½r;f ðqÞy ¼ cðqÞ|ﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
Type-II Consequent
where q 2 N þ
)
ð14Þ
For the fuzzy type-II problem formulation the properties in Section 4.1 are valid with the
exception of property (8) which reduces to property:
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(15).
eF ½f;ry ðaÞ ¼Pqmaxq¼1 kqðcðqÞÞPqmax
q¼1 kq
where kq ¼
Qjmax
j¼1
lAjqða½f ;rÞ ¼ lAqða½f ;rÞ
h ¼ Pqmax
q¼1
kq 2 Rþ
9>>>>>=>>>>;
ð15Þ4.2. Multi-objective type-II and type-III problem formulations
The number of rules (q) are a priori. For every additional rule per fuzzy variable there
will be two additional parameters, the membership function spread and centre. The sche-
matic in Fig. 5 summarises the fuzzy logic based procedure.
For the three rule problem setting the objective function for the type-II is shown in (16).
min
½cq;dq;cq
Xm
s¼1
eF ½f;ry s
EXP
 eF ½f;ry s
type-II
2
8q 2 Q ð16Þ
where (m) is the number of data points. Equation results into the estimation of nine
parameters [cq,dq,c
q] with a q = 3. In particular parameters [cq,dq] = are for the qth mem-
bership function and parameters [cq] = are for the qth singleton consequent.
For the three rule problem setting the objective function for the type-III is shown in
(17).
min
½cq;dq;bq;cq
w1
Xm
s¼1
eF ½f ;ry s
EXP
 eF ½f ;ry s
type-III
 2 !
þ w2
Xm
s¼1
ðCsÞ2
( )
8q 2 Q ð17Þ
where (w1,w2) are the normalisation indices. Also
oF ½f ;ry
oa½f ;r
q ¼ bq. ðCsÞ is given from Eq. (18).
8s 2 ½1;mCs ¼ 1 Den eF ½f;ry s
type-III
 
ð18Þ
Eqs. (17) and (18) results into the estimation of 12 parameters [cq,dq,b
q,cq] for q = 1, 2, 3.
In particular parameters [cq,dq] = are for the qth membership function and parameters
[bq,cq] = are for the qth piecewise linear consequent. The parameter estimation results
are shown for both cases type-II and type-III systems in Figs. 11 and 12.
4.3. Proposed fuzzy-hybrid structure
The theoretical fuzzy-hybrid structure is shown in Eq. (19). The function consists of two
parts. Firstly the physical system modelling part and secondly the fuzzy type-III part.
y ¼ F ðu; p;HÞ ð19Þ
where
y model output
F fuzzy-hybrid non-linear equation
Fig. 5. Part (b): Optimisation with q = a priori for estimating the membership function properties (consequents
parameters) for type-II and type-III systems.
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p [pa,pb,pc . . . ] parameter vector
pa parameter vector for sub-system (a)
pb parameter vector for sub-system (b)
pc parameter vector for sub-system (c)
H type-III fuzzy expression
In particular the non-linear function F is deﬁned from Eq. (20).
y ¼ f1ðpÞu1 þ f2ðpÞgðu2ÞHþ f3ðpÞ ð20Þ
where
fz lumped parameter vector "z = [1,3]
g(u2) non-linear input function for input 2
Eq. (20) can be rearranged to Eq. (21).
y ¼
f1ðpÞu1 þ f3ðpÞ þ f2ðpÞgðu2Þ
zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{Physical system model
H|{z}
Fuzzy type-III model|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
Fuzzy-Hybrid model
ð21Þ
The proposed fuzzy-hybrid structure is shown in Fig. 6.
+1u
2u
( )pf1
( ).g ( )pf2 H
( )pf1
p
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p
y
Part (a): Quantitative
Part (b): 
Qualitative
Fuzzy-Hybrid
Fig. 6. The fuzzy-hybrid generic block diagram.
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4.4.1. Sienel and fuzzy tyre model
The lateral tyre force components along the vehicle axis are modelled using the front
and rear fuzzy type-II and type-III cornering forces ðeF fyðafÞ; eF ryðarÞÞ as shown in Eq. (22):
F fy ¼ lf eF fyðafÞ cosðdÞ
F ry ¼ lreF ryðarÞ
9=; ð22Þ
where (lf,lr) are the Sienel surface anisotropic coeﬃcients [16] which correspond to a scal-
ing of the fuzzy type-II non-linear surfaces. The Sienel coeﬃcients can represent a dry tar-
mac surface or even an icy surface. The fuzzy type-II lateral force modelling captures the
entire skidding envelope from relatively small tyre slip angles (linear cornering coeﬃcient)
up to angles which cause the lateral force to saturate and decrease for any further increase
of the tyre slip angles (non-linear behaviour). In the literature there are several references
which are addressing the tyre modelling issues in mainly a conventional manner.
In this paper, however, (Fig. 7) the authors have proposed a fuzzy logic type-II model
for the lateral tyre forces model for use in vehicle based on experimental tyre data rather
than overall vehicle data. The Sugeno fuzzy model has been optimised by means of using
Electric Vehicle 
Dynamics/Kinematics
Locally Optimum
Fuzzy Type-III Front 
Tyre Model
Locally optimum FIS
Vehicle
parameters
(x, y)
],[ rfα
f
yF
~ r
yF
~
δ
aV
Part (a):
Physical System
Modelling
Part (b):
Fuzzy Type-III
Modelling
Locally Optimum
Fuzzy Type-III Rear
Tyre Model
Electric drive
parameters
Fig. 7. The hybrid concept block diagram for the electric vehicle application.
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of a diﬀerentially steered vehicle in [18].5. Experimental results
The data acquired provided the dynamic tyre cornering force and the distance travelled
by the wheel. Fig. 8 shows the experimental data which were obtained from the tyre rig for
diﬀerent tyre slip angles. The wheel rolls at a constant speed while the slip angle is set ini-
tially by varying the travelling surface with respect to the hub heading. Fig. 8 shows that as
the tyre slip angle increases with the cornering force, which has been converted to the
wheel lateral force.
However for the fuzzy type-II and type-III model analysis the steady-state data were
obtained by considering the data set Zi  Pi where Pi represents the dynamic data set
for each tyre slip angle ai = {1, 3, 5, 7, 9}. The steady-state data setsZi were extracted
from Fig. 8 and are shown in Fig. 9.
The resulting combined experimental data set Z ¼ fZ1 [Z3 [Z5 [Z7 [Z9g is
shown in Fig. 10.
The experimental data sets were used for the optimisation type-II and type-III problem
formulations. The results have been summarised in Figs. 11 and 12.
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Fig. 8. Experimental data obtained from the tyre rig for diﬀerent tyre slip angles (f = sampling frequency).
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tem for the same experimental data resulted in three rules signiﬁcantly inﬂuencing the out-
put per time instant. Therefore the a-cuts are not necessarily well deﬁned and as a result
the estimated fused type-II denominator output is not normal, and the defuzziﬁcation
denominator varies between [1,3]. The three type-II singletons are positioned at the mem-
bership function centres. Finally, Fig. 11 shows the estimated type-II force which is in
good agreement when compared to the experimental data sets.
The type-II tyre fuzzy sub-system had the following term
Pqmax
q¼1 kq unconstrained and
hence this resulted in a-cuts which where other than 50%. Hence the resulting type-II mem-
bership functions Aq(a) although there are normal sets they where producing a rather non-
linear behavior over the tyre-slip angle range in order to compensate the singleton fuzzy
consequents. Normally type-II systems for the same number of rules when compared to
a type-III representation for the same set of experimental data exhibit fuzzy antecedent
which are dominating a wider membership function spread. Hence when all fuzzy type-
II rules are triggered per time interval (but at a diﬀerent degree), and fused these result
in the required non-linear tyre behavior.
Type-II systems however due to the complex antecedent membership functions
although the provide a useful and comprehensive output for these physical sub-system,
they do not guarantee logical qualitative explanation of the fuzzy sub-model itself. For
a type-II fuzzy tyre representation to become more useful from a qualitative point of view
there was a compromise in the estimate tyre force and hence impractical for the purpose of
this paper.
Type-III fuzzy representations did however oﬀer great advantages over the type-II rep-
resentation. In particular Fig. 12 shows the type-III parameter estimation results. Part of
the optimisation problem formulation was to retain the a-cuts = 0.5. The fuzzy output
nonlinear denominator is unity within a small error bound which was expected as part
of the optimisation. The piecewise linear type-III equations are also shown together with
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results show a good agreement when compared to the experimental data while equally
importantly retaining a logical qualitative and quantitative output.
Both type-II and type-III fuzzy output results provide good quantitative results similar
to these with look-up tables or regression models. However the type-III problem formu-
lation with the constrained multi-objective parameter estimation has resulted to well-
deﬁned membership function spaces which preserve the qualitative advantage of fuzzy
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Fig. 12. Membership functions, type-III denominator, type-III outputs and fuzzy fused type-III estimated force.
Table 1
Type-III membership function and linguistic map allocation
Membership function 1 A1(a[f,r]) n SMALL
Membership function 2 A2(a[f,r]) n MEDIUM
Membership function 3 A3(a[f,r]) n LARGE
Table 2
Fuzzy sub-system type-III rule base
Rule index Antecedent ) Consequent
Rule 1 IF a(t) is SMALL THEN F ð1Þy ðtÞ ¼ 8:98aðtÞ  6:37
Rule 2 IF a(t) is MEDIUM THEN F ð2Þy ðtÞ ¼ 16:79aðtÞ þ 89:10
Rule 3 IF a(t) is LARGE THEN F ð3Þy ðtÞ ¼ 1:79aðtÞ þ 211:12
360 J.T. Economou, R.E. Colyer / Internat. J. Approx. Reason. 41 (2006) 343–368logic systems. This allows an analyst to assess a particular model from both the qualitative
and quantitative points of view within the context of hybrid-fuzzy framework.
The membership function allocation table for the type-III fuzzy representation is shown
in Table 1.
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vide eﬀective results which can be assessed from both the qualitative and quantitative
point of view.
The strength of the fuzzy-hybrid approach is that the type-III rule consequents are all
activated but to a diﬀerent degree when compared to other regression methods (for every
time instant). Hence for each time instant each rule contributes towards the ﬁnal crisp out-
put. Generally, regression models although simple to implement, are very sensitive to
parameter variations especially during a hard switching mode of operation. In this paper
the type-III system approach is in eﬀect a form of fused solution of several regression mod-
els which relate to a linguistic problem deﬁnition.
As the fuzzy-hybrid model evolves the analyst can view which rules activate and
also observe the numbers evolving. Thus providing a qualitative and quantitative solution.
Figs. 13 and 14 show the dynamic activation of the type-II and type-III fuzzy-hybrid
models. In particular Fig. 13 show the individual membership function activation or inﬂu-
ence. The ﬁrst three graphs in Fig. 13 shows that for the type-II system representation the
ﬁrst membership function is the dominant throughout the 9 s interval. Membership func-
tions (2,3) are mainly eﬀective during three instances (4.5 s, 6.2 s, 7.5 s). In Fig. 13 the last
three graphs for the type-III representation indicate a more blended membership function
contribution. Thus rules one and two in this case for the speciﬁc scenario are more eﬀective
with rule 3 being eﬀective during the (7 s). For this application type-III systems indicate an
improved and more consistent membership function triggering due to the optimisation
constraint of 50% a-cut.
Fig. 14 shows for both the type-II and type-III sub-model representations the member-
ship function activation with reference to the tyre slip angle variation.
5.1. Ackerman wheeled vehicle
The traction motor eﬀort can be determined by recursive calculation of the induced
front wheel longitudinal force ðF fxÞ (along the vehicle wheelbase), due to the tyre sideslip
angle (af) and the total rolling resistive force F
½f ;r
r [19].
F fx ¼ lf eF fy sinðdÞ
F ½f ;rr ¼ Krmg
)
ð23Þ
The total longitudinal vehicle force along the vehicle wheelbase is given from Eq. (24).
The aerodynamic resistance has not been included simply because it has a very small eﬀect
at relatively low to medium velocities [19]. However, the combined eﬀect of the rolling
resistance and the cornering force component longitudinal force has been included.
F x ¼ F fx þ F ½f;rr ¼ lf eF fy sinðdÞ þ Krmg ð24Þ
The motor supplied torque and angular velocity is given from Eq. (25). These are valid
for slow variations of the longitudinal velocity (u).
T m ¼ F xRng
xm ¼ ungR
9>=>; ð25Þ
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Fig. 13. Membership function dynamic activation for the type-II (ﬁrst three graphs) and type-III (last three
graphs) designs relative to time.
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armature inductance results in Eq. (26).
V a ¼ Ka ungR þ
Ra
KT
F xR
ng
ð26Þ
Finally substitution of Eq. (24) in Eq. (26) results in Eq. (27).
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Ra
KT
ðlf eF fyðafÞ sinðdÞ þ KrmgÞR
ng
ð27Þ
Eq. (27) solved for (u) results to Eq. (28).
u ¼ R
Kang
V a  RaR
2Krmg
Kan2gKT
 RaR
2lf
Kan2gKT
sinðdÞeF ½f ;ry ðaÞ valid for uP 0 ð28Þ
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u ¼
Fuzzy-Hybrid Model Description
R
Kang
V a  RaR
2Krmg
Kan2gKT
 RaR
2lf
Kan2gKT
sinðdÞ|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
Physical System Model

Pqmax
q¼1 kq
oF ½f ;ry
oa½f ;r
ðqÞa½f ;r þ cðqÞ Pqmax
q¼1 kq|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
Optimised Fuzzy type-III System
zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{
where kq ¼
Qjmax
j¼1
lAjqða½f;rÞ ¼ lAqða½f ;rÞ
h ¼ Pqmax
q¼1
kq 2 Rþ
9>>>>>>>>>=>>>>>>>>>;
ð29Þ
Eq. (29) is of the form of Eq. (21). Comparison of the equations results in the following
equivalent terms:
y ¼ u
u1 ¼ V a
u2 ¼ d
p ¼ ½pa; pb
pa ¼ ½ng; lf ;Kr;m; g;R
vehicle parameters
pb ¼ ½Ra;Ka;KT
motor parameters
f1ðpÞ ¼ RKang
f2ðpÞ ¼ RaR
2lf
Kan2gKT
f3ðpÞ ¼ RaR
2Krmg
Kan2gKT
H ¼
Pqmax
q¼1 kq
oF ½f ;ry
oa½f ;r
ðqÞa½f;r þ cðqÞ Pqmax
q¼1 kq
ð30Þ6. Fuzzy-hybrid modelling results
The vehicle was simulated for a triangular step decrease in frequency waveform with an
amplitude of dmax = 35 as shown in Fig. 15. During the ﬁrst four periods (T1,T2,T3,T4)
the waveform was triangular shaped. However during the last ﬁfth period (T5) no steering
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gradually increase as shown in the scaled-up 15 times as shown in the waveform of Fig. 15.
The fuzzy type-III generated tyre sideslip angles shown in Fig. 16 increase in amplitude
as the steering frequency increases.
During these vehicle high steering demands the lateral forces for the front and rear tyres
reach high values especially when the steer waveform frequency increases as shown in
Fig. 17. The resulting lateral forces follow the sideslip angle variations.
0 1 2 3 4 5 6 7 8 9
−150
−100
−50
0
50
100
150
TIME IN s
LA
TE
R
AL
 T
YR
E 
FO
RC
ES
 F y
f , 
F yr
 
IN
  N
Fy
f
Fy
r
Fig. 17. Vehicle tyre lateral forces ðF ½f ;ry Þ.
2 0 2 4 6 8 10 12
−6
−5
−4
−3
−2
−1
0
1
LO
NG
IT
UD
IN
AL
 C
G
 D
IS
PL
AC
EM
EN
T 
IN
 m
LATERAL CG DISPLACEMENT IN m
Mobile Robot
Initial Position
at time t=0 s
Mobile Robot
Initial Position
at time t=9 s 
Fig. 18. Vehicle CG trajectory.
366 J.T. Economou, R.E. Colyer / Internat. J. Approx. Reason. 41 (2006) 343–368The vehicle CG trajectory is shown in Fig. 18 where it may be seen that as the velocity
gradually increases it demands higher frequency turns which result to less turning.
7. Conclusions
In this paper, a novel combination of fuzzy type-III and physical system modelling has
been presented within a hybrid systems framework. In particular, the model has been
J.T. Economou, R.E. Colyer / Internat. J. Approx. Reason. 41 (2006) 343–368 367divided into two paradigms: the physical modelling sub-system and the fuzzy type II or III
fuzzy sub-systems. The advantages of the type-III system over the type-II system have
been discussed. The physical model used conventional and known parameter settings while
for the fuzzy sub-system experimental data sets were available for this particular applica-
tion. The data sets, together with the proposed type-III structure were locally optimised.
The resulting overall hybrid model resulted in a system which could be described in a qual-
itative and quantitative framework, thus, resulting in a better understanding of any sub-
system and its eﬀect on the overall model. The proposed methodology allowed the
successful synergy of two well accepted and researched methods.
The method was tested on an all-electric vehicle. The analysis shown here allowed pre-
diction of the vehicle characteristics including the planar trajectory by means of the stra-
tegic fusion dynamics/kinematics (physical system modelling) and fuzzy based methods
such as fuzzy type-II and type-III methodologies. The proposed fuzzy models captured
the tyre non-linear characteristics while the conventional methods captured the chassis
and actuator dynamics and wheel kinematics. The methodology allowed the capture of
the tyre force localised data instead of the global vehicle data, thus minimising hardware
development time and cost. Finally, the wheeled vehicle was simulated with increasing fre-
quency steering demand and a gradual increase in the forward velocity. This allowed
investigation of the state variables and tyre forces and indicates the strengths for this
methodology.Acknowledgements
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